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Abstract
While the interest in multipartite nonlocality has grown in recent years, its existence in
large quantum systems is difficult to confirm experimentally. This is mostly due to the inad-
equacy of standard multipartite Bell inequalities to many-body systems: these inequalities
usually rely on expectation values involving many parties and require an individual address-
ing of each party. In a recent work [J. Tura et al., Science 344, 6189 (2014)] some of us
showed that it is possible to detect nonlocality in multipartite systems using Bell inequalities
with only two-body correlators. This opened the way for the detection of Bell correlations
with trusted collective measurements through Bell correlation witnesses [R. Schmied et al.
Science 352, 441 (2016)]. These witnesses were recently tested experimentally in many-
body systems such as Bose-Einstein condensate or thermal ensembles, hence demonstrating
the presence of Bell correlations with assumptions on the statistics. Here, we address the
question of assessing the number of particles sharing genuinely nonlocal correlations in a
multi-partite system. This endeavor is a priori challenging as known Bell inequalities for
genuine nonlocality are based on expectation values involving all the parties, require an in-
dividual addressing of parties and a number of measurement settings scaling exponentially
with the number of parties. We first show that most of these constraints drop once the
witnesses corresponding to these inequalities are expressed: in systems where multipartite
expectation values can be evaluated, these witnesses can reveal genuine nonlocality for an
arbitrary number of particles with just two collective measurements. We then focus on
two-body Bell inequalities and show that they not only allow one to reveal nonlocality in
a multipartite quantum state, but also provide information about the number of particles
that are genuinely nonlocal. To this end, we introduce a general framework allowing to
address this problem. Then, we characterize all Bell-like inequalities for a finite number of
parties based on symmetric two-body correlations, and provide witnesses that can be used in
present day experiments to reveal a Bell correlation depth k ≤ 6 for any number of parties.
A violation of our witness for depth 6 is achieved with existing data from an ensemble of
480 atoms.
1 Introduction
Local measurements on composite quantum systems may lead to fascinating correlations that
cannot be explained by any local realistic theory such as classical physics. This phenomenon,
usually referred to as nonlocality (cf. Ref. [1]), proves that the laws of physics at the micro-scale
significantly differ from those at the macro-scale. More importantly, in recent years it has been
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understood that nonlocality is a powerful resource for device-independent applications that
are not achievable within classical physics, with the most prominent examples being device-
independent quantum key distribution [2, 3], device-independent entanglement detection [4],
generation and amplification of randomness [5, 6, 7], or self-testing [8].
However, to be able to fully exploit nonlocality as a resource one first needs efficient methods
to detect the composite quantum systems that can exhibit it. Since these systems can produce
nonlocality upon measurement, i.e. statistics violating a Bell inequality [9], we say that their
state is Bell correlated. Bell inequalities are naturally the most common way of revealing both
nonlocal statistics and Bell correlated states. These are inequalities constraining the set of local
realistic correlations, and their violation signals nonlocality. Considerable amount of effort has
been devoted to introduce various constructions of Bell inequalities [10]. Still, the problem
of nonlocality detection is much less advanced in the multipartite case than in the bipartite
one, in which recently loophole-free Bell tests have been performed [11, 12]. There are two
main reasons for that: (i) the mathematical complexity of finding all Bell inequalities grows
exponentially with the number of parties, (ii) experimental verification of nonlocality is much
more demanding in the multipartite case; in particular, individual settings assignment for each
party is needed to test a Bell inequality, and most of the known multipartite Bell inequalities
(such as for instance the Mermin Bell inequality) involve a large number of measurements, and
are constructed from correlation functions involving measurements by all parties (see Ref. [10]).
Therefore, such inequalities are not suited to detect nonlocal correlations in many-body systems
in which only a few collective measurements can be applied and one typically has access only
to two-body correlations.
One of the ways to tackle these difficulties in the multipartite case, recently put forward in
Ref. [13, 20], is to use a witness of Bell correlations constructed from a Bell inequality involving
only two-body correlators. On one hand, this reduces the mathematical complexity of finding
the Bell inequality as the dimension of the Bell polytope is much smaller than in the general case.
On the other hand, the resulting witnesses can be expressed in terms of just a small number
of collective two-body expectation values, which are routinely measured in certain many-body
quantum systems (see Refs. [15, 16]). This makes these witnesses very practical. Recently, in
a series of papers [17, 18, 19, 40] some of us have demonstrated that Bell inequalities involving
only two-body correlations are powerful enough to reveal nonlocality in composite quantum
systems with an arbitrary number of subsystems. The corresponding witnesses were tested in
two experiments recently reporting on Bell correlations in gaussian many-body states consisting
of 480 atoms [20] in a Bose-Einstein condensate and 5 · 105 particles [21] in a thermal ensemble.
However, violation of these Bell inequalities and the corresponding witnesses only signal the
presence of some kind of Bell correlations. In fact, they are unable to provide information re-
garding how many particles genuinely share Bell correlations. This naturally raises the question
on how to reveal the depth of non-locality in many-body systems. At first sight, the problem
is challenging. Known Bell inequalities for genuine non-locality not only use expectation values
involving all parties, they also require the ability to perform a different measurement on each
party. Furthermore, the number of measurement settings scales exponentially with the number
of parties.
The main aim of this work is to address this problem. Here, we first examine known Bell
inequalities for genuine nonlocality in the context of many-body systems. We show that the
corresponding witnesses use expectation values involving all the parties but that they can be
expressed with two collective measurements only. This gives access to genuine Bell correlations
in many-body systems where one high-order measurement can be performed. We then turn
to the problem of revealing the non-locality depth in multi-partite systems using two-body
correlations only, hence guaranteeing that no high-order moment will be necessary at the level
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of the witness. For this, we introduce a general framework. The problem of detection of genuine
nonlocality in this context is characterized for a relatively small number of parties, providing
lists of Bell-like inequalities that do the job. Moreover, we give a Bell-like inequality detecting
the nonlocality depth from 1 to 7 for any number of parties. This allows us to derive witnesses
using two-body correlations and collective measurements to test the non-locality depth of a
Bose-Einstein condensate with 480 atoms.
The structure of this work is as follows. Sec. 2 introduces all concepts relevant for upcoming
sections such as a Bell scenario and correlations, the notions of k-producibility of nonlocality
and nonlocality depth. In Sec. 3, we derive from a known family of Svetlichny inequalities
a witness for revealing genuine non-locality with two collective measurements, including one
many-body expectation value. In Sec. 4, we discuss how to describe k-producible correlations
in terms of the symmetric two-body correlations. Then, in Sec. 5, we present our main result,
i.e., Bell-like inequalities detecting k-nonlocality for a few values of k and any number of parties
N while in Sec. 6, we focus on the corresponding witness. We conclude in Sec. 7 in which we
also outline possible directions for further research.
2 Preliminaries
Before passing to our results let us set some background information concerning the Bell scenario
and correlations, and also introduce such notions as k-producility of nonlocality, nonlocality
depth and genuine nonlocality in the multipartite scenario.
2.1 Bell scenario and correlations
Consider N parties A1, . . . , AN sharing some N -partite physical system. Each party is allowed
to perform measurements on their share of this system. Here we consider the simplest scenario
in which party Ai has two observables M
(i)
xi with xi = 0, 1 to choose from, and each observable
is assumed to yield two outcomes ai = ±1. Such a scenario is often referred to as the (N, 2, 2)
scenario.
Such local measurements lead to correlations that are described by the following set of
conditional probabilities
{p(a1, . . . , aN |x1, . . . , xN )}, (1)
where each p(a|x) = p(a1, . . . , aN |x1, . . . , xN ) stands for the probability that the parties obtain
outcomes a1, . . . , aN =: a upon perfoming the measurements labelled by x1, . . . , xN =: x.
Clearly, these probabilities are non-negative, i.e.,
p(a|x) ≥ 0 (2)
holds for any a and x, and are normalized, that is,∑
a
p(a|x) = 1 (3)
for any x. Naturally, they are also assumed to satisfy the no-signaling principle in a space-like
setting, which says that faster than light communication between various parties is not possible.
In mathematical terms this is equivalent to the following set of linear constraints∑
ai
[
p(a1, . . . , ai, . . . , aN |x1, . . . , xi, . . . , xN )− p(a1, . . . , ai, . . . , aN |x1, . . . , x′i, . . . , xN )
]
= 0 (4)
for all xi, x
′
i, a1, . . . , ai−1, ai+1, . . . , aN and x1, . . . , xi−1, xi+1, . . . , xN and all i = 1, . . . , N .
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Now, given the definition of nonsignaling correlations, it is useful to notice that in the
simplest scenario of each party performing dichotomic measurements, they can be equivalently
described by a collection of expectation values{〈
M (i1)xi1
. . .M (ik)xik
〉}
i1,...,ik;xi1 ,...,xik ;k
, (5)
with i1 < . . . < ik = 1, . . . , N and k = 1, . . . , N (all possible expectation values, ranging
from the single-body to N -partite ones are taken into account). These two representations of
correlations are related through the formula
p(a|x) = 1
2N
1 + N∑
k=1
∑
1≤i1<i2<...<ik≤N
ai1 . . . aik
〈
M (i1)xi1
. . .M (ik)xik
〉 , (6)
that holds for any a,x. Note that via (2) this imposes a set of linear constraints on the values
of correlators in (5) in any theory obeying the no-signaling principle. It also follows that in the
(N, 2, 2) scenario the set (5) contains D(N) = 3N−1 expectation values and we can conveniently
think of them as a vector living in the real space RD(N). It should be noticed in passing that in
the present work most of our results are stated in terms of expectation values (5). Still, some of
the definitions such as those of local correlations or k-producible correlations are for simplicity
stated in the probability picture. It is, however, straightforward to reformulate them in terms
of correlators by using the Fourier transform (6).
Imagine now that correlations (1), or, equivalently, (5) arise by performing local measure-
ments on some quantum state ρN . In such a case each expectation value (5) can be expressed
via Born’s rule as 〈
M (i1)xi1
. . .M (ik)xik
〉
= Tr
[
ρAi1 ...Aik
(
M (i1)xi1
⊗ . . .⊗M (ik)xik
)]
, (7)
where ρAi1 ...Aik stands for a subsystem of ρN corresponding to the parties Ai1 , . . . , Aik , whereas
M
(i)
xi denote now the standard quantum observables, i.e., Hermitian operators with eigenvalues
±1. It turns out that the set of all correlations obtained from quantum states in the above
experiment, denoted QN , is convex if no assumption on the local dimension of the state used in
the experiment is made. It is a superset for another relevant set of correlations, which consists
of those correlations that can be obtained by the parties when the only resource they share
is classical information represented by some random variable λ with a probability distribution
p(λ). The most general form of such correlations is (cf. also Refs. [1, 22])〈
M (i1)xi1
. . .M (ik)xik
〉
=
∑
λ
p(λ)
〈
M (i1)xi1
〉
λ
· . . . ·
〈
M (ik)xik
〉
λ
, (8)
where 〈M (i)xi 〉λ ∈ [−1, 1] are single-party expectation values enumerated by λ for any xi and i.
It follows that the set of local correlations is a polytope in RD(N) which we denote PN . Recall
that a polytope is the convex hull of a finite number of vertices (see also Appendix A for a more
formal definition). Its extremal points (vertices) are those correlations for which all expectation
values (5) are product and the local single-party mean values equal ±1. In other words, any
vertex of PN represents correlations that the parties can produce by using local deterministic
strategies, i.e., each local measurement has a perfectly determined outcome. In this scenario,
the number of vertices of PN is 22N .
Clearly, PN ⊂ QN , and Bell showed [9] that this inclusion is strict, that is, there are
quantum correlations that do not admit a decomposition of the form (8). To this aim he used
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linear inequalities, usually termed Bell inequalities, that constrain the local set PN . Violation
of a Bell inequality implies that given correlations cannot be expressed in the form (8), in which
case we call such correlations nonlocal.
For further benefits let us also notice that the nonsignaling correlations, i.e., those sets (1)
that satisfy conditions (2), (3) and the linear constraints (4), form a polytope too, denotedNSN .
Contrary to the local polytope PN , it has a very simple dual description in terms of facets: all its
facets correspond simply to the non-negativity constraints (2) for all N -tuples a and x. On the
other hand, it is generally an extremely difficult problem to determine the vertices of NSN ; they
were found only in the simplest scenarios: (i) two observers, each performing two measurements
with any number of outcomes [23], (ii) two observers perfoming any number of dichotomic
measurements [24], and (iii) three parties, each performing two dichotomic measurements [25].
It should also be mentioned that in the (N, 2, 2) scenario some partial progress in this direction
was made in Ref. [26]. Concretely, by establishing the duality between Bell inequalities and the
vertices of the nonsignaling polytope in this scenario, some of its vertices were identified: those
that correspond to tight Bell inequalities such as the correlation inequalities found in Refs. [10].
Let us conclude by noting that in general PN ⊂ QN ⊂ NSN and both inclusions are
strict; the first one follows from the work of Bell, while the second one is due to the fact that
there exist correlations that despite satisfying the no-signaling principle do not have quantum
representation [27].
2.2 The concepts of k-producibility of nonlocality and nonlocality depth
As already said, violation of Bell inequalities signals nonlocality, however, in the multipartite
scenario it tells us nothing about how many parties actually share nonlocal correlations; to give
an illustrative example, a state like (1/
√
2)(|00〉+|11〉)⊗|0〉 that is the product of the maximally
entangled state of two qubits with some additional state and the GHZ state (1/
√
2)(|000〉+|111〉)
are both nonlocal, however, the first one has only two-body nonlocality, while the second one
is nonlocal ”everywhere”.
Several approaches have been proposed to describe the types of nonlocality that can appear
in the multipartite scenario [28, 29]. Following [29], we choose here the notion of k-producibility
of nonlocality or nonlocality depth, which goes along the lines developed to describe mutipartite
entanglement (see Refs. [30]). To this end, we partition the set I = {1, . . . , N} into L pairwise
disjoint non-empty subsets Ai such that by joining them one recovers I and the size of each Ai
is at most k parties. We call such a partition Lk-partition of I. We call correlations {p(a|x)}
k-producible with respect to the given Lk-partition if they admit the following decomposition
p(a|x) =
∑
λ
p(λ)p1(aA1 |xA1 , λ) · . . . · pL(aAL |xAL , λ) (9)
where aAi and xAi are outcomes and measurements choices corresponding to the observers
belonging to Ai. It is known that the probability distribution pi(aAi |xAi , λ) here cannot be
left unconstrained, but should be chosen to correspond to a given resource R in order to avoid
describing a self-contradicting model [31, 32]. In our case, we chooseR = NS, i.e. all conditional
probabilities in Eq. (9) are required to satisfy the no-signaling condition (4). This solves this
issue and leads to the identification of k-way NS nonlocal correlations. One could also make a
more restrictive assumption that all {pi(aAi |xAi , λ)} are quantum correlations; this, however,
will be explored in another publication [33].
We then call correlations {p(a|x)} k-producible if they can be written as a convex combina-
tion of correlations that are k-producible with respect to different Lk-partitions, i.e.,
p(a|x) =
∑
S∈Sk
qSpS(a|x) (10)
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where Sk is the set of all Lk-partitions and pS(a|x) are correlations that admit the decomposition
(9) with respect to the k-partition S. The minimal k for which the correlations {p(a|x)} are
of the form (10) is called nonlocality depth1. Correlations whose nonlocality depth is k are
genuinely k-partite nonlocal or simply k-nonlocal as there must exist a subset of k parties which
share nonsignaling correlations that are genuinely nonlocal [34].
Let us notice that in the particular case of k = 1 there is only one, up to permutations,
L1-partition: each party forms a singleton Ai = {Ai} (i = 1, . . . , N). In this case the above
definition recovers the above introduced definition of fully local correlations (8). Then, on the
other extreme of k = N , we have correlations in which all parties share nonlocality and are thus
called genuinely multiparty nonlocal (GMNL).
Geometrically, as in the case of fully local models (8), k-producible correlations form poly-
topes, denoted PN,k (we use this notation for both the probability and correlators picture).
Vertices of these polytopes are product probability distributions of the form
p(a|x) = p1(aA1 |xA1) · . . . · pL(aAL |xAL) (11)
with each pi(aAi |xAi) being a vertex of the corresponding |Ai|-partite nonsignaling polytope
with |Ai| ≤ k for all i; if for some i, |Ai| = 1, then pi(aAi |xAi) ≡ pi(ai|xi) is simply a
deterministic probability distribution, i.e., pi(ai|xi) ∈ {0, 1} for all values of xi. One then needs
to consider all Lk-partitions in order to construct all vertices of PN,k. It thus follows that
to construct all vertices of PN,k one needs to know the vertices of the p-partite nonsignaling
polytopes for all p ≤ k.
Let us finally notice that with the aid of the formula (6) all the above definitions, in particular
the one of k-producible correlations as well as the vertices of PN,k can be equivalently formulated
in terms of correlators (5); in particular, for a vertex (11) the correlators (5) factorize whenever
the parties belong to different groups Ai.
Thus, in order to detect nonlocality depth of given correlations one can follow the standard
approach used to reveal nonlocality: construct Bell-like inequalities that constrain PN,k, that
is, inequalities of the following form ∑
a,x
Ta,x p(a|x) ≤ βkC , (12)
where βkC is the maximal value of the Bell expression
∑
a,x Ta,x p(a|x) over all correlations
belonging to PN,k; in the particular case k = 1, β1C is the local or classical bound the Bell
inequality (12). Ideally, Bell-like inequalities that correspond to facets of PN,k would be the
strongest tests of nonlocality depth. Violation of a Bell-like inequality (12) implies that {p(a|x)}
is at least genuinely k + 1-nonlocal, or, in other words, that these correlations have nonlocality
depth at least k + 1. Let us finally mention that the maximal value of the Bell expression (12)
over all quantum correlations will be denoted βQ.
3 Witnessing genuine non-locality from Svetlichny and Mermin inequalities
The Mermin and Svetlichny Bell expressions are known to be suitable for the detection of non-
locality depth in multi-partite systems [28]. They are thus a natural starting point for our
investigations. We here show the form of the corresponding witnesses for non-locality depth.
1A more adequate terminology would be nonlocality depth with respect to nonsignaling resources or simply
NS nonlocality depth as in the definition of k-producibility we assume the probabilities pi(aAi |xAi , λ) to be
nonsignaling, whereas according to Refs. [31, 32] other types of resources can also be considered.
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3.1 Bell operators for Svetlichny and Mermin inequalities
Let us begin with the Svetlichny Bell expressions written in the following form [35]
ISvetN = 2
−N/2
 ∑
x|s=0 (mod 2)
(−1)s/2Ex +
∑
x|s=1 (mod 2)
(−1)(s−1)/2Ex
 , (13)
where s =
∑
i xi is the sum of all parties’ settings (recall that xi ∈ {0, 1}), x|s = i (mod 2)
means that the summation is over those x’s for which s is even for i = 0 or odd for i = 1, and,
finally,
Ex =
〈
M (1)x1 . . .M
(N)
xN
〉
(14)
is a short-hand notation for an N -partite correlator. The fully local β1C , the k-nonlocal βC ≡ βkC ,
the quantum βQ and the nonsignaling bounds are given in Table 1. Generally, the Svetlichny-
local βC k-nonlocal β
k
C quantum βQ nonsignaling βNS
2
1−(−1)N
4 2(N−2b
dN/ke
2
c)/2 2(N−1)/2 2N/2
Table 1: The local βC , k-nonlocal β
k
C , quantum βQ and nonsignaling bounds for the Svetlichny
Bell expression.
type bounds for these inequalities are expressed in terms of the number of groups m in which the
N parties are splitted. Noticing that N , m and k are related by the relation m+k−1 ≤ N ≤ mk
allows one to express the bound as a function of the nonlocality depth k (resulting in the bound
in the table above). The fact that the Svetlichny bounds can be achieved with a model in which
bN/kc groups contain exactly k parties implies that the resulting bounds are tight [28].
As the quantum bound is larger than the (N −1)-nonlocal bound, the Svetlichny expression
can reveal genuine nonlocality. The two sums in Eq. (13), however, involved 2N terms in
total. This makes the Svetlichny inequality difficult to test in systems with a large number of
parties. But we are not interested in performing a Bell test. Rather, we are willing to assume
that the measurements are well calibrated spin projections. We thus proceed to derive the
device dependent witness corresponding to these inequalities. For the measurement settings
maximizing the quantum value for a |GHZ+N 〉 state, |GHZ±N〉 = (|0〉⊗N ± |1〉⊗N)/
√
2, that is the
measurements given by
M
(i)
j = cos(φj)σx + sin(φj)σy , φj = −
pi
4N
+ j
pi
2
(15)
with j ∈ 0, 1, we find that the Svetlichny operator takes the following very simple form
BSvetN = 2(N−1)/2
(|0〉〈1|⊗N + |1〉〈0|⊗N) . (16)
If the mean value of this operator tr(ρBSvetN ) is larger than the k-nonlocal bound given in the
table above, we conclude that the state ρ has the capability to violate a Svetlichny inequality
with the corresponding bound, that is, ρ is (k + 1)-Bell correlated.
Before showing how to access the mean value of BSvetN , let us do a similar work for the Bell
expression corresponding to the Mermin inequality [45]. Let us consider the following form of
the Mermin Bell expression
IMerminN = 2
−(N−1)/2
 ∑
x|s=0 (mod 2)
(−1)s/2Ex
 , (17)
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local βC k-nonlocal β
k
C quantum βQ nonsignaling βNS
2
1+(−1)N
4 2(N−2b
dN/ke+1
2
c+1)/2 2(N−1)/2 2(N−1)/2
Table 2: The local βC , k-nonlocal β
k
C , quantum βQ and nonsignaling bounds for the Mermin
Bell expression.
where, as before, s =
∑
i xi and Ex is given by Eq. (14). The corresponding classical, quantum,
k-nonlocal and nonsignaling bounds are given in Table 2. The settings leading to the maximal
quantum violation of the Mermin Bell inequality for the |GHZ+N 〉 state are the same for each
party and are given by M
(i)
0 = σx and M
(i)
1 = σy, and, interestingly, for them the Bell operator
reduces to the same Bell operator as before, that is,
BMerminN = 2(N−1)/2
(|0〉〈1|⊗N + |1〉〈0|⊗N) . (18)
In other words, for the optimal choices of observables, the same Bell operator can be attributed
to Svetlichny and Mermin Bell expression. We can thus derive a common witness with which
the nonlocality depth of any multipartite system can be evaluated. We elaborate on this in the
upcoming section.
3.2 Witnessing genuine nonlocal correlations with 2 measurements
In order to state our bound we first need to prove that the following operator
χN = |GHZ+N 〉〈GHZ+N | − |GHZ−N 〉〈GHZ−N | − σ1x . . . σNx︸ ︷︷ ︸
N times
−
N∑
m 6=n
σmz σ
n
z +N(N − 1)1
is positive semi-definite, where σix/z stands for the Pauli matrix σx/z acting on site i. The
proof can be derived in various ways from [46], this reference focusing on genuine entanglement
detection.
To this aim, let us assume for simplicity N to be even and consider the GHZ state |GHZ+N 〉,
and the following set of states obtained by flipping k of its spins with k = 1, . . . , N/2, that is
σi1x |GHZ+〉,
σi1x σ
i2
x |GHZ+〉, i1 6= i2
...
σi1x σ
i2
x . . . σ
iN/2−1
x |GHZ+〉, i1 6= i2 6= . . . 6= iN/2−1
σi1x σ
i2
x . . . σ
iN/2
x |GHZ+〉, i1 6= i2 6= . . . 6= iN/2 (19)
where i` = 1, . . . , N for ` = 1, . . . , N/2. Notice that in each ”line” of Eq. (19) there are
CkN =
(
N
k
)
(k = 1, . . . , N/2 − 1) orthogonal states except for the last one in which the number
of orthogonal vectors is C
N/2
N /2. We then construct an analogous set of vectors with |GHZ−N 〉,
which altogether gives us a set of
2
N/2−1∑
k=0
CkN + C
N/2
N =
N∑
k=0
CkN = 2
N
orthonormal vectors forming a basis in (C2)⊗N . Let us now show that the operator χN is
diagonal in this basis. For this purpose, we notice that σxσzσx = −σz and therefore (see also
8
Ref. [47])
〈GHZ±N |(σi1x σi2x . . . σi`x ) (σmz σnz ) (σi1x σi2x . . . σi`x )|GHZ±N 〉
= (−1)λm,ntr (σmz σnz |GHZ±N 〉〈GHZ±N |) = (−1)λm,n ,
where ` = 1, . . . , N/2, m 6= n, and λm,n = 0 if both qubits m and n are flipped or neither of
them, and λm,n = −1 if only one of them is flipped. We also notice that for the parity operator
one has
〈GHZ±N |(σi1x σi2x . . . σi`x ) (σ1x . . . σNx ) (σi1x σi2x . . . σi`x )|GHZ±N 〉 = ±1.
All this means that the operator χN is diagonal in the above basis. Furthermore, the
maximal eigenvalue of σ1x . . . σ
N
x +
∑N
m 6=n σ
m
z σ
n
z is N(N−1)+1 and the corresponding eigenstate
is |GHZ+N 〉. Then, the other GHZ state |GHZ−N 〉 corresponds to the eigenvalue N(N − 1) − 1
and all the other elements of the above basis vectors eigenvectors with eigenvalues smaller or
equal to N(N − 1)− 1. As a result, all eigenvalues of χN are non-negative, and hence
BSvetN = BMerminN =
√
2
N−1 (|GHZ+N 〉〈GHZ+N | − |GHZ−N 〉〈GHZ−N |)
≥
√
2
N−1
σ1x . . . σNx + N∑
m 6=n
σmz σ
n
z −N(N − 1)1
 . (20)
It is not difficult to see that the same reasoning holds for odd N (in this case, the basis is formed
with all possible spin flips of (N − 1)/2 spins), and consequently the above bound is valid for
any N . Noticing then that
∑N
m 6=n σ
m
z σ
n
z = 4S
2
z + N1, where Sz = (1/2)
∑N
i=1 σ
i
z is the total
spin component along the z axis, we arrive at the following operator bound for the Svetlichny
and Mermin Bell operators
BSvetN = BMerminN =
√
2
N−1 (|GHZ+N 〉〈GHZ+N | − |GHZ−N 〉〈GHZ−N |)
≥
√
2
N−1 [
σ1x . . . σ
N
x + 4S
2
z −N21
]
. (21)
Combining the k-nonlocal bounds of the Svetlichny and Merming Bell expressions then allows
us to write the following witness of Bell correlations depth:
〈BN 〉 =
√
2
N−1 〈
σ1x . . . σ
N
x + 4S
2
z −N21
〉 ≤ 2(N−dNk e)/2. (22)
Ineq. (22) shows that two settings are enough to conclude about the Bell correlation depth of
a given state, that is, to test the capability of a state to violate a Svetlichny/Mermin bound for
k-nonlocality. This provides a way to detect various depths of Bell correlations with just two
measurement settings and no individual addressing of the parties. In particular, since the GHZ
state saturates all the inequalities we used in this section, the operator BN is able to detect
that GHZ states are genuinely Bell correlated.
Still, this scheme involves one parity measurement: the N -body term in the x direction. It is
worth noticing that the evaluation of this term does not require an estimation of all the moment
of the spin operator Sx in the x direction (which would require a gigantic amount of statistics
to be evaluated properly whenever N  1). Rather, this term corresponds to the parity of
the spin operator Sx, i.e. a binary quantity, and can thus be evaluated efficiently. However,
an extreme resolution is required to estimate this quantity; failure to distinguish between two
successive values of Sx can entirely randomize its parity.
The next section aims at detecting the nonlocality depth of multi-partite states with two-
body correlators only.
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4 Characterising the sets of k-producible correlations with two-body corre-
lators
Our aim in this section is the characterization of the two-body polytopes of k-producible corre-
lations defined in Sec. 2.2. For this purpose, we will also determine vertices of the projections of
the nonsignaling polytopes onto two-body symmetric correlations for a small number of parties.
4.1 Two-body correlations
Let us now imagine that we want to test nonlocality depth of some correlations, however, the
only experimental data we have access to are the following one- and two-body expectation values
〈M (i)k 〉, 〈M (i)k M (j)l 〉 (23)
with i 6= j = 1, . . . , N and k, l = 0, 1. As in the general case the most straightforward way of
tackling this problem is to construct the corresponding polytope of k-producible correlations,
denoted P2N,k. This can be realized by projecting the polytope PN,k onto the subspace of RD
spanned by (23). In other words, the polytope P2N,k = pi2(PN,k), where pi2 stands for the
projection onto the two-body correlations, is obtained by getting rid of correlators (5) of order
larger than two in all elements of PN,k (see also Appendix A for a more detailed explanation of
this projection). Having defined such a two-body polytope P2N,k for k-producible correlations
we can address the problem of detecting nonlocality depth by constructing Bell-like inequalities
constraining this polytope. However, to simplify this task, we can follow the approach of Ref.
[13, 14, 36], and consider inequalities that obey some symmetries, especially those that naturally
arise in physical systems such as permutational or translational symmetry. Here we focus on the
first one, that is we consider Bell-like expressions that are invariant under an exchange of any
pair of parties. Mathematically, such a symmetrization is realized by another projection pisym
that maps one and two-body expectation values (23) onto the symmetric one and two-body
correlations given by
Sm :=
N∑
i=1
〈M (i)m 〉, Smn :=
N∑
i,j=1
i 6=j
〈M (i)m M (j)n 〉 (24)
with m,n = 0, 1.
By combining these two projections pi2 and pisym we obtain another polytope which is our
main object of study in this work: the two-body symmetric polytope of k-producible correlations
P2,SN,k. We want to provide inequalities that constrain P2,SN,k for various values of k, or, phrased
differently, we want to find inequalities built from the symmetrized correlators (24) that allow
one to detect k-nonlocality in multipartite correlations. The most general form of such Bell-like
inequalities is
I := αS0 + βS1 + γ
2
S00 + δS01 + ε
2
S11 ≥ −βkC , (25)
with
βkC = −min
P2,SN,k
I (26)
where the minimum is taken over all correlations belonging to P2,SN,k; in fact, as the latter is a
polytope it is enough to find the minimal value of I over all its vertices in order to determine βkC .
Notice that for our convenience in Eq. (25) we consider the lower k-nonlocal bound, whereas
in Sec. 3 we considered bounds from above. For this reason, the bounds βkC are defined in
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a different way than those in Eq. (12). Nevertheless, we denote both bounds using the same
letter because, conceptually, their meaning remains the same.
Note that P2,SN,k does not depend on the order in which the projections pi2 and
pisym are applied to PN,k. In other words, the following diagram is commutative:
PN,k P2N,k
PSN,k P2,SN,k
pi2
pisym pisym
pi2
The result easily follows from the fact that each coordinate of PN,k participates solely in one
coordinate of P2,SN,k (cf. Eq. (24)) and pi2, pisym are linear projections that act as follows: pi2 dis-
cards all correlators that involve more than 2 parties and pisym sums disjoint sets of correlators
at each component.
Notice that for k = 1, Eq. (25) reproduces the standard two-body symmetric Bell inequal-
ities introduced and studied in [13]; in particular, in this case the vertices of P2,SN,1 were fully
characterized, which in turn made it possible to find a large part of the facets of P2,SN,1, and thus
two-body symmetric Bell inequalities detecting nonlocality in multipartite quantum states for
any number of parties. Moreover, the algebraic structure present in the vertices of P2,SN,1 has
enabled the development of a hierarchy of SdP tests approximating this polytope from outside,
which can be viewed as a method to check all Bell inequalities at once [37].
Our aim in this work is to go beyond the case of k = 1 and find inequalities valid for larger
value of k and any N . However, despite the fact that for any k and N , the polytope P2,SN,k lives
in a five-dimensional real space, its vertices and facets are unknown. Below we show how for a
few values of k, the vertices of the symmetric two-body polytope can be determined.
4.2 Characterization of the vertices of the k-nonlocal two-body symmetric
polytopes
Here we introduce a general description of all the vertices of the projected k-nonlocal polytope
in the two-body symmetric space. This description is in principle valid for any value of N
and k ≤ N , however, requires knowing all the vertices of the symmetrized local polytope for p
parties with p = 1, . . . , k and all the nonlocal vertices of the projections of p-partite nonsignaling
polytopes NSp onto the two-body symmetric space for p = 1, . . . , k, which we denote NS2,Sp .
In the next subsection we show how to find their vertices for a few values of k.
Let us use the following notation. By ~S(p, i) we denote a five-dimensional vector
~S(p, i) = (S0(p, i), S1(p, i), S00(p, i), S01(p, i), S11(p, i)) (27)
of one- and two-body symmetric expectation values for the ith vertex ofNS2,Sp with i = 1, . . . , np
and p = 1, . . . , k, where np stands for the number of vertices of NS2,Sp . Let then {~S(p, i)}p,i be
the list of all such five-dimensional vectors (27).
Then, each vertex of the two-body symmetric polytope of k-producible correlations P2,SN,k,
which to recall is a projection of a vertex (11) onto the two-body symmetric subspace, can be
parametrized by the populations ξp,i with p = 1, . . . , k, representing the number of p-partite
subgroups Al in the k-partition of the set {A1, . . . , AN} (cf. Sec. 2.2) that are adopting the
“strategy” from the list {~S(p, i)}p,i. Indeed, since we are addressing permutationally invariant
quantities, we are insensitive to the assignment of a strategy to a specific group of parties,
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hence the only relevant information is about the number of parties adopting each given set of
correlations.
Now, as parties are divided into subsets of size at most k, and each subset of size p chooses
one out of np strategies, the populations ξp,i, weighthed by p, form a partition of N , that is,
k∑
p=1
np∑
i=1
p ξp,i = N. (28)
By running over all populations ξp,i obeying (28), one spans the whole set of vertices of the
polytope P2,SN,k. Moreover, denoting by ~ξ the vector of populations ξp,i, the symmetrized one-
and two-body expectation values for the vertices of P2,SN,k can be expressed as
Sm(~ξ) =
k∑
p=1
np∑
i=1
ξp,iSm(p, i) (29)
and
Smn(~ξ) =
k∑
p=1
np∑
i=1
ξp,iSmn(p, i) +
k∑
p=1
np∑
i=1
ξp,i(ξp,i − 1)Sm(p, i)Sn(p, i)
+
∑
{p,i}6={q,j}
ξp,iξq,jSm(p, i)Sn(q, j), (30)
where we used the fact that 〈M (i)m M (j)n 〉 = 〈M (i)m 〉〈M (j)n 〉 whenever the parties i and j belong to
different groups, and {p, i} 6= {q, j} means that p 6= q or i 6= j. Fig. 1 explains how the different
correlators are summed in formula (30).
4.3 Projecting the nonsignaling polytopes
As already said, in order to generate the vertices of the symmetric two-body polytope of k-
producible correlations P2,SN,k, we need to know the vertices of the nonsignaling polytope NSp
in the two-body symmetric space for 2 ≤ p ≤ k parties. To this aim, we need to determine
its projection NS2,Sp onto the two-body symmetric space spanned by (24) for any p = 2, . . . , k.
Below we determine all these vertices for k = 2, . . . , 6.
4.3.1 Projecting through the vertices. The k = 2, 3 cases
For the smallest k’s, the lists of vertices of the nonsignalling polytopes are known. For k = 2, the
only nonlocal vertices belong to the equivalence class of the so-called PR-box [27]. For k = 3,
the list of the 46 equivalence classes was derived in [25]. Therefore, for these scenarios, the
projection can be performed straightforwardly through the vertex representation (cf. Appendix
A). The resulting extremal points are shown in Table 4 and 5 in Appendix B (the vertices that
are shared with the local polytope are omitted).
For the bipartite case, k = 2, the 4 nontrivial vertices belong obviously to a single equivalence
class, corresponding to the projection of the PR-box. Interestinlgy, there is also only one relevant
class for the tripartite case, corresponding to the projection of the class number 29 of [25], which
is one of the two that violate maximally the Guess-Your-Neighbour-Input inequality [38].
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Figure 1: An example with N = 22, and the 3-partition into n1 = 5 sets of size 1, n2 = 4 of
size 2 and n3 = 3 of size 3. The first sum in Eq. (30) corresponds to the value of Smn that
comes from the two-body correlators 〈M (i)m M (j)n 〉 within each set (i.e., i, j ∈ Al for some l).
For the 1-body boxes, these values are clearly zero, and for larger boxes, they correspond to
the two-body marginals of the corresponding Popescu-Rohrlich box (PR-box). Therefore, once
symmetrized, the contribution of the box involving p parties using the i-th strategy is Smn(p, i).
The second sum in Eq. (30) counts those two-body correlators 〈M (i)m M (j)n 〉 in which i ∈ Ak,
j ∈ Al, k 6= l and |Ak| = |Al| = p. These correlations are represented by the blue, red and yellow
lines. Because they are correlations coming from different PR-boxes, the locality assumption
guarantees the factorization 〈M (i)m M (j)n 〉 = 〈M (i)m 〉〈M (j)n 〉, yielding the term Sm(p, i)Sn(p, i) once
symmetrized. The factor ξp,i(ξp,i − 1) is given by the fact that Smn is defined as the sum for
all i 6= j, therefore containing repetitions. Finally, the last sum in Eq. (30) is given by all
two-body correlators 〈M (i)m M (j)n 〉 in which i ∈ Ak, j ∈ Al, and |Ak| = p, |Al| = q with p 6= q,
i.e., two-body correlations connecting PR-boxes of different size. Here the locality assumption
also enables a factorization which amounts to Sm(p, i)Sn(q, j) once symmetrized, weighted by
the number of ocurrences ξp,iξq,j . These correspond to the purple, green and orange lines in the
figure.
4.3.2 A method to find the projection for k ≥ 4
The vertices of NSk for k > 3 are unknown and difficult to determine. However, as already
mentioned, its facets are easy to describe by the inequalities (2), which in the correlators picture
can be stated as [cf. Eq. (6)]:
N∑
k=1
∑
1≤i1<...<ik≤N
ai1 . . . aik
〈
M (i1)xi1
. . .M (ik)xik
〉
+ 1 ≥ 0, (31)
for all the possible outcomes ai1 , . . . , aiN = ±1 and measurement choices x1, . . . , xN = 0, 1.
(Recall that the normalization and the no-signaling conditions are already included in this
picture.)
Thus, an approach to find the projections of NSk for k > 3 would be to use the Fourier-
Motzkin procedure (see Appendix A). However, given that the dimension D(k) = 3k − 1 of
the space of no-signalling correlations scales exponentially with the number of parties k, the
projection pi2 ◦ pisym : RD(k) → R5 via the Fourier-Motzkin method requires eliminating an
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exponentially increasing number of variables. Due to this limitation, the general approach of
projecting the no-signalling polytope into the two-body symmetric space becomes impractical
already for the case k = 3. In what follows we will show how to overcome this difficulty and
find the vertices for k = 4, 5, 6.
To this end, let us denote by V2 the subspace of R
D(k) spanned by one- and two-body expec-
tation values (23) and by Vsym the subspace of R
D(k) spanned by the symmetrized correlators
of any order:
Sm1...ml =
k∑
i1 6=... 6=il=1
〈
M (i1)m1 . . .M
(il)
ml
〉
(32)
with mi = 0, 1 and l = 1, . . . , k. We also introduce the coordinates
T j1...jlm1...ml =
 k∑
i1 6=... 6=il=1
 〈M (j1)m1 . . .M (jl)ml 〉− Sm1...ml . (33)
Taken together, the S and T correlators provide an over-complete parametrization of the no-
signaling probability space: any correlator 〈M (j1)m1 . . .M (jl)ml
〉
can be recovered from the corre-
sponding T and S variables. Moreover, these coordinates conveniently identify the subspaces
that we are interested in: the symmetric subspace is spanned by the S variables, while its
orthogonal complement by the T variables. In other words, all correlations in the symmetric
subspace have all T components equal to zero (however, the variables themselves before pro-
jection need not be zero). Moreover, the one- and two-body space has all S and T parameters
equal to 0 for l > 2.
We then notice that the projection we want to compute can be divided into two intermediate
steps as P = pi2 ◦ pisym = pisym ◦ pi2, where pi2 and pisym stand for projections onto V2 and Vsym,
respectively.
At this stage, it is worth noting that the set that we wish to project, NSN is invariant under
parties permutation. This implies that the projection of this set onto Vsym coincides with the
intersection between NSN and Vsym, i.e.
intsym(NSk) = pisym(NSk), (34)
where, within the above parametrization, the set intsym(NSk) contains those correlations for
which all variables T j1...jlm1...ml = 0. Indeed, if a point p in NSN (which may have both non-zero
S and T components) leads to an extremal vertex after projection onto Vsym, then all images
pα = τα(p) of p under the party permutations {τα}α are also in NSN , and lead to the same
point in Vsym after projection. Therefore, the convex combination of these points p ∝
∑
α pα
also gives rise to the same extremal point in Vsym. However, a direct computation shows that
the point p already belongs to the symmetric subspace, because all of its T variables are zero.
Hence, all extremal points of the projection of NSN onto the symmetric subspace belong to
the intersection of the no-signaling polytope with the symmetric subspace, and we can replace
the projection operation pisym by the intersection.
The main advantage of this approach is that we now only need to apply the Fourier-Motzkin
method to perform the projection onto the two-body space V2. In this case the number of
variables to discard does not grow exponentially with N . Indeed, the number of symmetric
correlators Sm1...ml with mj = 0, 1 and l = 1, . . . , k scales as (1/2)(N + 1)(N + 2)− 1 and, since
one has to discard all the terms with k > 2, we need eliminate (1/2)(N+1)(N+2)−6 ≈ O(N2)
terms.
For the k = 2, 3, 4 cases the lists of vertices are presented in Tables 4–6 in Appendix B,
whereas in the case k = 5, 6 the list contains more than a hundred vertices and therefore we
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could not present it here. In the section that follows we implement these findings to construct
Bell-like inequalities detecting k-nonlocality in multipartite correlations.
5 Bell-like inequalities for nonlocality depth from two-body correlations
We are now ready to demonstrate that two-body Bell-like inequalities are capable of witnessing
nonlocality depth in multipartite correlations. First of all, we remind that, by following the
procedure given in section 4.2, we are able to construct the list of vertices of the k-nonlocal
two-body symmetric polytopes for any number of parties N and producibility k ≤ 6. By solving
the convex hull problem, such lists allow us to derive the corresponding complete set of facets of
the k-nonlocal polytopes. This can be done via dual description method, which is implemented
in such software as CDD [39], and, thanks to the low dimension of the space, we are able to do
so for scenarios involving up to N = 12 parties.
In particular, since these inequalities can test against k-producibility with k ≤ 6, we can
identify all the symmetric two-body inequalities that detect genuine multipartite nonlocality
(GMNL) for systems of N ≤ 7 particles (see Appendix C for the complete lists). Interestingly,
we find that no inequality of such kind can be violated by quantum mechanics in the tripartite
case. That is, symmetric two-body correlations provide not enough information to detect GMNL
in three-partite quantum states. This is no longer the case for four parties; indeed, the following
facet Bell-like inequality
−12S0 + 9S1 + 3S00 − 6S01 + 1
2
S11 + 42 ≥ 0 (35)
detects GMNL and is violated by quantum mechanics with a ratio (βQ − β3C)/β3C of at least
1.3%, where βQ is the maximal quantum value of the corresponding Bell expression.
Interestingly, our lists of inequalities sometimes contain also the Bell expressions introduced
already in [13, 18], thus showing that such classes are actually capable of detecting a non-
locality depth higher than two. In particular, we can find inequalities that test against any
k-producibility for k ≤ 5 that belong to the class (91) introduced in Ref. [18]. This class is
particulary interesting since it was shown to be violated by Dicke states. Moreover, among the
facets of the GMNL polytope for N = 5, we find the following inequality
28S0 + 28S1 + 2S00 + 9S01 + 2S11 + 116 ≥ 0 (36)
which has a very similar structure to class (91) of Ref. [18]. Indeed, it can be shown that it
is possible to violate such inequality with the five-partite Dicke state with one excitation, also
known as the W state. Lastly, we notice that the Bell expression (6) from Ref. [13], which for
the sake of completeness we state here as,
I := 2S0 + 1
2
S00 + S01 +
1
2
S11 (37)
appears in our lists sometimes as well, with a classical bound that clearly depends on degree
of nonlocality depth that one is interested to detect. This is a particularly useful feature, since
it implies that by the use of a single inequality one can infer the nonlocality depth by the
amount of the quantum violation that is observed. Due to this property and also its relevance
for experimental implementation (see Refs. [20, 21]), in the next section we focus on this last
inequality and determine its βkC for k = 2, . . . , 6 and any number of parties.
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6 Deriving the inequalities and witnesses of k-nonlocality for any number of
parties
We are now ready to show that one can reveal k-nonlocality for some values of k or test the
nonlocality depth only from the two-body correlations for any number of parties. To that end,
in what follows we compute k-producible bounds βkC [cf. Eq. (26)] for different k’s for the
two-body Bell expression (37). We begin with fully general considerations and later we focus
on a few values of k and compute βkC case by case. Due to the fact that P2,SN,k is a polytope, it
is enough to perform the above minimization over its vertices. Using Eqs. (29) and (30), the
expression I in Eq. (37) for all vertices of P2,SN,k can be written as
I(~S(~ξ)) =
k∑
p=1
np∑
i=1
ξp,iI(~S(p, i)) + 1
2
k∑
p=1
np∑
i=1
ξp,i [ξp,i − 1] I(~S(p, i), ~S(p, i))+
+
1
2
∑
{p,i}6={q,j}
ξp,iξq,jI(~S(p, i), ~S(q, j)), (38)
where we have defined the following cross-terms
I(~S(p, i), ~S(q, j)) = [S0(p, i) + S1(p, i)] [S0(q, j) + S1(q, j)] . (39)
When the vectors ~S(p, i) are known, the expression (38) takes the form of a polynomial
of degree two in terms of the populations ξp,i. By grouping together the linear and quadratic
terms, we get
I(~S(~ξ)) =
k∑
p=1
np∑
i=1
ξp,i
[
I(~S(p, i))− 1
2
I(~S(p, i), ~S(p, i))
]
+
1
2
k∑
p,q=1
np∑
i,j=1
ξp,iξq,jI(~S(p, i), ~S(q, j)) (40)
Then, by substituting the explicit form of the cross-term (39), one arrives at
I(~S(~ξ)) =
k∑
p=1
np∑
i=1
ξp,i
{
I(~S(p, i))− 1
2
[S0(p, i) + S1(p, i)]
2
}
+
1
2

k∑
p=1
np∑
i=1
ξp,i[S0(p, i) + S1(p, i)]

2
. (41)
With the above expression at hand we can now seek the k-producibility bounds βkC for I.
Our approach is the following. Instead of minimizing the expression I for all k-producible
correlations, we will rather consider a particular value of βkC and prove that the inequality
I + βkC ≥ 0 holds for all integer values of ξp,i ≥ 0 for p = 1, . . . , k and i = 1, . . . , np such that
the condition (28) holds.
6.1 Cases k = 2 and k = 3
We will first consider the simplest cases of k = 2, 3 and show that for them βkC = 2N is the
correct classical bound. In other words, below we demonstrate the the following inequality
2S0 +
1
2
S00 + S01 +
1
2
S11 + 2N ≥ 0 (42)
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is satisfied for all correlations belonging to P2,SN,k for k = 2, 3 and any N . To this end, we use
Eqs. (41) and (28) to write down the following expression
I(~S(~ξ)) + 2N =
k∑
p=1
np∑
i=1
ξp,i
{
I(~S(p, i)) + 2p− 1
2
[S0(p, i) + S1(p, i)]
2
}
+
1
2

k∑
p=1
np∑
i=1
ξp,i[S0(p, i) + S1(p, i)]

2
. (43)
Then, plugging in the explicit values of the one- and two-body symmetric expectation values
for p = 1, 2, 3 collected in Tables 3–5, the above further rewrites as
I(~S(~ξ)) + 2N = 2
[
(ξ1,1 − ξ1,4 − ξ3,1 − ξ3,2 + ξ3,7 + ξ3,8)2 + ξ1,1 + 2ξ1,2 − ξ1,4
]
+2 [3 (ξ2,1 + ξ2,2) + ξ2,3 + ξ2,4]
+2 [(ξ3,1 + ξ3,2) + 4 (ξ3,3 + ξ3,4) + 6 (ξ3,5 + ξ3,6) + 3 (ξ3,7 + ξ3,8)] . (44)
With the following substitutions
X = 2 (ξ1,1 − ξ1,4) ,
Y = 2 (−ξ3,1 − ξ3,2 + ξ3,7 + ξ3,8) ,
P(~ξ) = 2 [ξ1,2 + 3 (ξ2,1 + ξ2,2) + ξ2,3 + ξ2,4 + 2 (ξ3,1 + ξ3,2)
+4 (ξ3,3 + ξ3,4) + 6 (ξ3,5 + ξ3,6) + 2 (ξ3,7 + ξ3,8)] , (45)
we can bring the expression (44) into the following simple form
I(~S(~ξ)) + 2N = 1
2
(X + Y)2 + X + Y + P(~ξ)
= 2Z(Z + 1) + P(~ξ), (46)
where Z = (X+Y/2). We then notice that all ξp,i ≥ 0, which immediately implies that P(~ξ) ≥ 0
for all configurations of populations. Thus, we are left with the term Z(Z+1), which is negative
only when −1 < Z < 0. However, due to the fact that Z is a linear combination of integers
with integer coefficients, it cannot take such values. Thus, Z(Z + 1) ≥ 0, which completes the
proof.
6.2 The case k = 4
We now address the first case in which the bound βkC is different than the local bound of the
Bell inequality. First of all, we notice that the bipartite nonsignaling populations ξ2,i enter
the expression (43) only in the linear part and, since their coefficient are always positive, we
know that they never contribute to the violation of the local bound. Thus, the expression
I(~S(~x)) + 2N without these terms reads explicitly
1
2
(X + Y + Y ′ +W +W ′)2 + 2 (ξ1,1 + 2ξ1,2 − ξ1,4)
+2 [(ξ3,1 + ξ3,2) + 4 (ξ3,3 + ξ3,4) + 6 (ξ3,5 + ξ3,6) + 3 (ξ3,7 + ξ3,8)]
+2 [ξ4,1 + ξ4,2 + 5 (ξ4,3 + ξ4,4) + 9 (ξ4,5 + ξ4,6) + 5 (ξ4,7 + ξ4,8)]
+8 [ξ4,9 + ξ4,10 + 2 (ξ4,11 + ξ4,12)]
+
8
49
[−22 (ξ4,13 + ξ4,14) + 19 (ξ4,15 + ξ4,16) + 89 (ξ4,17 + ξ4,18) + 48 (ξ4,19 + ξ4,20)] , (47)
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where X and Y are defined above and Y ′, W and W ′ are given by
Y ′ = 4 (−ξ4,1 − ξ4,2 + ξ4,7 + ξ4,8) ,
W = 24
7
(−ξ4,13 − ξ4,14 + ξ4,19 + ξ4,20) ,
W ′ = 16
7
(−ξ4,15 − ξ4,16 + ξ4,17 + ξ4,18) . (48)
Then, we can simplify this expression
1
2
(X + Y + Y ′ +W +W ′)2 + X + Y + Y ′ +W +W ′ + P˜(~ξ)− 8
49
(ξ4,13 + ξ4,14) , (49)
where
P˜(~ξ) = 4ξ2,2 + 4 [ξ3,1 + ξ3,2 + 2 (ξ3,3 + ξ3,4) + 3 (ξ3,5 + ξ3,6) + ξ3,7 + ξ3,8]
+2 [3 (ξ4,1 + ξ4,2) + 5 (ξ4,3 + ξ4,4) + 9 (ξ4,5 + ξ4,6) + 3 (ξ4,7 + ξ4,8)]
+8 [ξ4,9 + ξ4,10 + 2 (ξ4,11 + ξ4,12)]
+
8
49
[33 (ξ4,15 + ξ4,16) + 75 (ξ4,17 + ξ4,18) + 27 (ξ4,19 + ξ4,20)] (50)
is a polynomial that is positive for all configurations of populations ξp,i. Let us now show that
the expression in (50) is always greater or equal to −2N/49− 1/2. In other words, we want to
prove that
1
2
(X + Y + Y ′ +W +W ′)2+X+Y+Y ′+W+W ′+P˜(~ξ)− 8
49
(ξ4,13 + ξ4,14)+
1
2
+
2
49
N ≥ 0, (51)
for any ξp,i. To this end, we can exploit (28) in order to express N in terms of the populations,
which allows us to see that 2N ≥ 8(ξ4,13 + ξ4,14), implying that (51) holds true. As a result, the
bound for k = 4 amounts to
β4C =
(
2 +
2
49
)
N +
1
2
. (52)
6.3 Cases k = 5, 6
Based on the previous results our guess is that for any 3 < k < N , the bound for k-producible
correlations is given by
βkC = 2N +
1
2
+ αkN. (53)
In what follows we estimate the correction to the linear dependence on N , that is, αk for k = 5, 6,
and leave the general case of any k as an open problem. To this aim, we follow the approach
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used in the case k = 4. More precisely, by substituting βkC given in (53) into I + βkC , we obtain
I(~S(~ξ)) + βkC =
k∑
p=1
np∑
i=1
ξp,i
[
I(~S(p, i)) + (2 + αk) p− 1
2
[S0(p, i) + S1(p, i)]
2
]
+
1
2

k∑
p=1
np∑
i=1
ξp,i [S0(p, i) + S1(p, i)]

2
+
1
2
=
k∑
p=1
np∑
i=1
ξp,i
{
I6(~S(p, i)) + (2 + αk) p
−1
2
[S0(p, i) + S1(p, i)]
2 − [S0(p, i) + S1(p, i)]
}
+
1
2

k∑
p=1
np∑
i=1
ξp,i [S0(p, i) + S1(p, i)] + 1

2
. (54)
As the last term in this expression is always nonnegative, to study the positivity of I(~S(~ξ))+β(k)C ,
we can restrict our attention to the following function
Ω(~ξ) =
k∑
p=1
np∑
i=1
ξp,i
{
I(~S(p, i)) + (2 + αk) p −1
2
[S0(p, i) + S1(p, i)]
2 − [S0(p, i) + S1(p, i)]
}
.
(55)
As it is a linear function in the populations which are all nonnegative, its minimum is reached
for the population ξ∗ standing in front the expression that takes the minimal value over all
choices of the vertices. In other words, we can lower bound Ω(~x) as
Ω(~ξ) ≥ ξ∗(p∗αk +mk), (56)
where p∗ is the number of parties corresponding to x∗ and mk is defined as
mk = min
p=1,...,k
min
i=1,...,np
{
I(~S(p, i)) + 2p− 1
2
[S0(p, i) + S1(p, i)]
2 − [S0(p, i) + S1(p, i)]
}
. (57)
Thus, we simply need to compute mk and the value αk we are looking for can be taken as
αk = mk/k as for it Ω(~ξ) ≥ 0 for any N .
To this end, we perform the minimization in (57) by evaluating the right-hand side on each
vertex of the projected five- and six-partite no-signaling polytope. We obtain m5 = 40/121 and
m6 = 1/2, implying that the modified bounds amount to
β5C =
(
2 +
8
121
)
N +
1
2
, (58)
and
β6C =
(
2 +
1
12
)
N +
1
2
, (59)
respectively.
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6.4 Quantum violations
After having derived k-producible bounds for inequality (37), we proceed to show that they
can be used in pratice to witness the nonlocality depth that could be displayed by quantum
states. First of all, we have to show that the different bounds βkC can be violated by correlations
obtained by properly choosing a quantum state and some local measurements. This can be done
by following the procedure in [18] and constructing the permutationall invariant Bell operator
corresponding to the expression (37). Notice that to do so we assume for simplicity that each
party performs the same measurements
M
(i)
0 = cos(θ)σ
(i)
z + sin(θ)σ
(i)
x , M
(i)
1 = cos(φ)σ
(i)
z + sin(φ)σ
(i)
x , (60)
where θ, φ ∈ [0, 2pi), and σz and σx are the standard Pauli matrices. Then, by computing
the minimal eigenvalue of the resulting Bell operator B(θ, φ) and optimizing over the choice of
angles, one obtains the maximal quantum violation of (37) attainable with same measurements
settings on each site.
By performing these numerical checks, it is possible to show that the bound βkC for k ≤ 3
starts being violated for N = 5 parties, while for the higher cases k = 4, 5 the violation appears
from N = 9 and N = 11 respectively. Moreover, if we take into account the analytical class
of states introduced in Ref. [18] (cf. Section 5.2), we can show that for a high enough number
of parties it violates all the bounds that we have just derived. Indeed, let us recall that this
class of states can achieve a relative violation (βQ − β1C)/β1C of (37) that tends to −1/4 when
N → ∞. By using this result, it is easy to show that βQ exceeds βkC for any k ≤ 6, at least in
the asymptotic limit.
To conclude, in the following Section we also present how to apply our results to an experi-
mental setting.
6.4.1 Experimental witnessing of k-body Bell correlations
As shown in [13, 20, 40] from permutationally invariant Bell inequalities one can derive Bell
correlation witnesses. These are experimentally convenient inequalities allowing to reveal the
presence of Bell correlations under the additional assumption that the measurement performed
are known and correctly calibrated, as discussed earlier. In particular, the witness derived from
Eq. (37) has allowed the detection of Bell correlations in a Bose-Einstein condensate of N ≈ 500
atoms [20] and in a thermal ensemble of 5 · 105 atoms [21].
In the same spirit, we show here how to derive a witness for Bell correlations of depth k
from the expression I + βkC ≥ 0, where I is defined in Eq. (37). We assume that M (i)0 and
M
(i)
1 are spin projection measurements on the ith party, along directions n and m, respectively.
This allows us to write M
(i)
0 = σ
(i) · n and M (i)1 = σ(i) ·m, where σ(i) is the vector of Pauli
matrices acting on the ith party, and to express all correlators appearing in the Bell inequality
as measurements of the collective spin operator Sn = (1/2)
∑N
i=1 σ
(i) ·n. With the substitution
m = 2(a · n)a− n we arrive (see Ref. [20] for details) at the inequality
−
∣∣∣∣〈 SnN/2
〉∣∣∣∣+ (a · n)2〈 S2aN/4
〉
− (a · n)2 + β
k
C
2N
≥ 0 , (61)
which is satisfied by all states with Bell correlations of depth at most k. In other words, the
violation of Ineq. (61) witnesses that the state of the system contains Bell correlations of depth
(at least) (k + 1).
It is now convenient to define the spin contrast Cn = 〈2Sn/N〉 and the scaled second moment
ζ2a = 〈4S2a/N〉. Furthermore, we express n = a cos(θ) + b sin(θ) cos(φ) + c sin(θ) sin(φ), with
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the ortho-normal vectors a, b and c = a× b with × denoting the vector product. With these
definitions, we write Ineq. (61) as
ζ2a ≥
Ca cos(θ) + Cb sin(θ) cos(φ) + Cc sin(θ) sin(φ)− βkC/(2N) + cos2(θ)
cos2(θ)
, (62)
which is satisfied by states with Bell correlation depth at most k, for all (θ, φ). For this reason,
such states satisfy also
ζ2a ≥ Zk(Cbc, Ca) = max
θ∈[0,pi]
[Cbc sin(θ)− Ca cos(θ)− βkC/(2N) + cos2(θ)
cos2(θ)
]
≥ Zk(Cb, 0) =
2− βkC/(2N)−
√
[βkC/(2N)]
2 − C2b
2
, (63)
where Cbc =
√
C2b + C2c and where we used the monotonicity of the function Zk(Cbc, Ca), which
is discussed in more detail in Ref. [20]. The inequality we obtain,
ζ2a ≥
2− βkC/(2N)−
√
[βkC/(2N)]
2 − C2b
2
, (64)
involves the measurements of ζa and Cb, for the two orthogonal directions a and b. The violation
of Ineq.(64), for a given βkC , witnesses that the state contains Bell correlations with a depth of
(at least) k + 1.
An interesting comparison is made with the Wineland spin-squeezing criterion [41], according
to which entanglement is present if ζ2a < C2b [20]. This criterion was also shown to be able to
quantify the degree of entanglement in the state [42], (k+ 1)-particle entanglement is witnessed
by measuring values of ζ2a below some threshold, see Fig. 2 (red lines).
In Fig. 2 we plot the bounds given by Eq. (64), for k = 1, . . . , 6, together with the entangle-
ment bound obtained from the Wineland criterion [42], and the experimental point measured
in Ref. [20]. A statistical analysis on the probability distribution estimated experimentally [20]
gives likelihoods of 99.9%, 97.5%, 90.3% and 80.8% for 1/2/3-, 4-, 5- and 6-body nonlocality
respectively. This likelihood can be interpreted as, for example, a p-value of 1− 80.8% = 19.2%
for rejecting the hypothesis: The experimental data were generated by a state that has no 6-body
nonlocality, in the presence of Gaussian noise.
7 Conclusion
We study the problem of detecting the nonlocality depth of quantum correlations. Nonlocality
depth is a relevant concept in the study of multipartite systems, because it contains the infor-
mation of how many particles share genuine Bell correlations in their state. In analogy to the
case of nonlocality, detecting nonlocality depth is a computationally very demanding problem.
Focusing on the property of these states we first derive a witness for genuine Bell correlations
from known Svetlichny inequalities. We showed that this witness can reveal genuine Bell cor-
relations with two collective measurements in systems where many-body correlation functions
can be evaluated. We then adopt the framework of two-body symmetric correlations introduced
in [13], to meet the requirements of every-day experiments in many-body physics.
By developing a general framework to decribe the set of correlations of a given nonlocality
depth, we are able to show that two-body symmetric correlations are enough to distinguish
such depth. We do so by completely characterising the set of Bell inequalities that detect
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Figure 2: Quantification of the Bell correlation depth in a BEC with inequality (64)
and connection to spin squeezing and entanglement. Black: the data reported in Ref.
[20] expressed in terms of the Rabi contrast Cb and the squeezed second moment ζ2a, with
1σ error bars. The number of particles is N = 480. Blue shaded region: Bell correlations
detected by violation of inequality (64) for k = 1. Red shaded region: entanglement witnessed
by spin squeezing [41, 43]. Red lines: limits on ζ2a below which there is at least (k + 1)-particle
entanglement [42], increasing in powers of two up to k = 256. Blue lines: limits on ζ2a below
which there are Bell correlations of depth at least k + 1, for k = 1, . . . , 6.
k−nonlocality with respect to nonsignaling resources for values of k ≤ 6 and a fixed number of
particle N ≤ 12. Moreover, we take an explicit example of inequality and show that it can be
used to witness the depth of Bell correlations for any number of parties. Lastly, we comment
on the practical application of such a witness, by showing that its value can be evaluated using
two collective measurements. We also illustrate how it can be successfully applied to already
available experimental data from a Bose-Einstein condensate.
Our results pave the way to a more refined study of Bell correlations in many-body systems,
by presenting the first available techniques to determine the amount of particles sharing Bell
correlations in these systems. As a future direction to investigate, it would be interesting to
derive inequalities that test for higher nonlocality depth than 6, as it is already possible to do
in the case of entanglement. In particular, a more ambitious direction would be to find ways
to assess genuine Bell correlations in systems of hundreds of particles without relying on parity
measurements. This would give a convenient way to prove that all the particles in the system
are genuinely sharing Bell correlations.
As it is argued in the previous sections, the main challenge for these purposes consists in
characterising the no-signalling set of multipartite correlations in the subspase of two-body
permutationally invariant correlators. We are able to do so only for the cases of low number of
parties, while a general and efficient method is still missing. Therefore, a more technical but
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still interesting question would be to find such a general characterisation.
Another possible research direction would be to consider inequalities involving more than
two settings per party. The resulting witness could still only involve two measurement directions
and provide improved bounds. In particular, it would be interesting to find the k-nonlocality
bounds for the family of inequalities in [40] admitting an arbitrary number of settings.
It would also be interesting to design witnesses suited for specific families of states other
than the GHZ state, such as the Dicke states or other graph states.
Except for the witnesses we derived from the Svetlichny inequalities, the witnesses we ob-
tained here rely on the notion of Svetlichny models defined in terms of no-signalling resources.
It would be interesting to see if the bounds derived here remain valid with respect to the se-
quential and signaling models, in which case they could also demonstrate this stronger form of
k-nonlocality. Otherwise, it would be interesting to find other two-body inequalities suited for
this task.
Lastly, we stress that our results can already be applied to experimentally detect in a Bell
test genuine multipartite nonlocality for systems of size up to N = 7. In particular, since
the inequalities that we introduce consist only of two-body correlators, such detection would
require only an O(N2) amount of mesasurements, contrarily to already known inequalities, such
as Mermin’s, that involve measuring an exponential amount of correlators.
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A Polytopes
Here we provide the definition of polytopes and their duals. We then show how to project a
polytope P onto a given subspace V as well as how to intersect P and V .
A convex polytope, in what follows simply polytope, is a subset in a linear space Rd with
some finite d defined as the convex hull of a finite number of points ~ei ∈ Rd (i = 1, . . . ,K), i.e.,
P =
{
~p ∈ Rd | ~p =
m∑
i=1
qi~ei s.t. qi ≥ 0 and
m∑
i=1
qi = 1
}
. (65)
Here ~ei are the vertices of P . Alternatively, one can define a polytope to be an intersection of
a finite number of half-spaces, meaning that P is described by a finite set of inequalities:
P =
{
~p ∈ Rd | ~fi · ~p ≤ βi with ~fi ∈ Rd and βi ∈ R
}
. (66)
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Figure 3: Example of projection of a triangle onto the y axis. The vertices of the triangle are the
set {(0, 0), (2, 0), (1, 1)}, whose projection are the points {(0, 0), (0, 1)}. Therefore the desired
projected polytope is the set 0 ≤ y ≤ 1.
Facets of a polytope P are its intersections with the hyperplanes ~fi · ~p = βi is the facet of P .
Let us also define the dual of a polytope P to be
P ∗ =
{
~f ∈ Rd | ~f · ~p ≥ 0 for all ~p ∈ P
}
. (67)
For our convenience in Eqs. (66) and (67) we use different conventions regarding inequalities
when defining a polytope and its dual. However, it should be noticed that it is not difficult to
transform inequalities appearing in Eq. (66) into those in Eq. (67) and vice versa: in particular,
to obtain inequalities in (67) from those in (66) it suffices to incorporate the free parameter βi
and the sign into the vector ~f , in the first case exploiting the fact that for a given choice of
measurements, elements of the vector ~p are normalized.
Let us now discuss projections of polytopes. Consider a subspace V ⊂ Rd and denote by
piV : R
d → V the projection onto it. Imagine then that we want to project a given polytope
P ⊂ Rd onto V . There are two ways of determining the action of piV on P . First, piV (P ) can
be straightforwardly defined in terms of projection of its vertices, i.e.,
piV (P ) =
{
~p ∈ V | ~p =
K∑
i=1
qipiV (~ei) s.t. qi ≥ 0 and
∑
i
qi = 1
}
. (68)
Notice that the projections of the vertices ~ei, piV (~ei) might not be vertices of the projected
polytope piV (P ). On the other hand, a vertex of piV (P ) must come from a vertex of P under
the projection piV .
However, in certain situations it is much easier to describe a polytope by using inequalities
instead of vertices. In fact, there are polytopes such as those formed by correlations fulfilling
the no-signaling principle (see below) whose vertices are basically unknown, whereas their facets
are straightforward to describe. In such case it is thus impossible to use (68) in order to find
piV (P ), and one needs to exploit facets of P for that purpose. A method that does the job is
the Fourier-Motzkin elimination method [44], which allows one to find facets of piV (P ) starting
from facets of P .
Let us now briefly describe this method starting from an illustrative bidimensional example.
Let us suppose that we want to project the triangle shown in Figure 3 onto the y axis. It is
easy to see that the inequalities defining such geometrical object are
x+ y ≤ 2, −x+ y ≤ 0, y ≥ 0. (69)
24
If we cancel out the x coordinate from the inequalities, as we would have done when projecting
vertices, we obtain the following three inequalities y ≤ 2, y ≤ 0 and y ≥ 0, which is not the
projection we want since it defines only a single point y = 0. For further purposes, we notice that
the result of this procedure coincides with the intersection of the polytope with the x = 0 axis,
instead of the projection. Thus, projecting facets is a different task than projecting vertices:
while for the latter it is enough to map each original vertex into the projected one, the above
example shows that this procedure does not work for inequalities.
The basic principle of the Fourier-Motzkin elimination procedure is the fact that any convex
combination of two facets of a polytope defines another valid inequality for it. To be more
precise, let us consider a polytope P ⊂ Rd for some finite d, and let ~f1 · ~p ≤ β1 and ~f2 · ~p ≤ β2
be inequalities defining two different facets of it; here, ~f1, ~f2 ∈ Rd and β1, β2 ∈ R, and ~p ∈ P . It
is clear that any vector ~p satisfying both these inequalities obeys also the following inequality[
λ~f1 + (1− λ) ~f2
]
· ~p ≤ λβ1 + (1− λ)β2 (70)
for any 0 ≤ λ ≤ 1. The Fourier-Motzkin elimination exploit this property in order to define
new valid inequalities bounding the polytope in which the coordinate that we want to project
out is no longer involved. Coming back to the triangle example, we notice that by taking a
convex combination with λ = 1/2 of the first two inequalities in (69) we get a new inequality
that involves only y, i.e., y ≤ 1. If we consider in addition the third inequality, that does not
contain x, we get the right projection of the triangle, that is the set 0 ≤ y ≤ 1, as shown in
Figure 3.
Let us now state the general procedure of the Fourier-Motzkin elimination. Given a generic
polytope in Rd defined by a finite set of inequalities ~fi · ~p ≤ βi, where ~fi ∈ Rd and βi ∈ R,
the list of inequalities defining its projection in the subspace defined by pi = 0 for some i, is
obtained through the following steps:
• divide the list of inequalities according to the sign of the coefficient in front of pi to obtain
three sub-lists fi+ , fi− ,fi0 corresponding to positive, negative or zero coefficient,
• take all the possible convex combinations between one element of fi+ and one of fi− ,
choosing the proper combination in order to get a new valid inequality with zero coefficient
in front of pi,
• the obtained list, together with fi0 , gives a complete set of inequalities that defines the
projected polytope,
• remove all the redundant inequalities to get the minimal set.
The main problem with the Fourier-Motzking elimination method is that it is in general
very costly in terms of computational requirements. Indeed, due to the redundancy that one
gets at each step, the time and memory needed to eliminate the variables scale exponentially
with the number of variables that one wants to project out.
Another operation that we heavily exploit here is an intersection of a polytope P with a
given subspace. To define it let us consider again a linear space Rd and its subspace V ⊂ Rd.
Then, the intersection operation, denoted intV : Rd −→ V is defined as
intV (P ) = {~x ∈ P | ~x · ~w = 0 for all ~w ∈ V ⊥}, (71)
where V ⊥ is the subspace of Rd orthogonal to V . It is not difficult to notice that any elment
belonging to the intersection of P with V is also an element of its projection onto the subspace,
that is
intV (P ) ⊆ piV (P ). (72)
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Moreover, contrarily to the projection, the intersection of a polytope is more easily described
in the dual representation. To show how, we define the dual basis {~v∗i } and {~w∗j} for the
dual of the subspaces V and V ⊥, respectively, so to decompose any inequality in P ∗ as ~f =∑
i fi~v
∗
i +
∑
j fj ~w
∗
j . Then, we can define
intV (P )
∗ =
{
g ∈ V ∗ | g =
∑
i
fi~v
∗
i where fi =
~f · ~v∗i for ~f ∈ P ∗
}
. (73)
Before moving to the application to our specific case, we also notice that (72) implies, for the
dual representation
intV (P )
∗ ⊇ piV (P )∗, (74)
meaning that some inequalities valid for the intersection of the polytope might be not valid
for its projection. In other words, there are generally inequalities in intV (P )
∗ that cannot be
written as a convex combination of the original ones in P ∗.
B Vertices of the projected nonsignaling polytopes for k = 2, 3, 4
Here we attach tables with vertices for the projections NS2,Sk of the nonsignaling polytopes
NSk onto the symmetric two-body subspace for 2 ≤ k ≤ 4 (Tables 4–6). For completeness we
also attach the table containing the deterministic values of single-body correlations (Table 3).
Notice that in the case k = 5, 6 the lists of vertices are too long to present it here.
S0 S1 S00 S01 S11
ξ1,1 1 1 0 0 0
ξ1,2 1 -1 0 0 0
ξ1,3 -1 1 0 0 0
ξ1,4 -1 -1 0 0 0
Table 3: List of the values of the one and two-body symmetric expectation values for determin-
istic local strategies. In this case S0 and S1 contain consist of one expectation value, while Smn
are simply zero.
S0 S0 S00 S01 S11
ξ2,1 0 0 2 2 -2
ξ2,1 0 0 -2 2 2
ξ2,3 0 0 2 -2 -2
ξ2,4 0 0 -2 -2 2
Table 4: List of the vertices of NS2,S2 . In the first column we also add the corresponding
populations.
C Complete list of facets for the polytopes that test for GMNL
Here we present the complete list of facets for the polytopes that test for genuine multipartite
nonlocality for N = 3, 4, 5. We omit the N = 6, 7 cases since the amount of inequalities starts
becoming too long to be contained in one page. The inequalities are sorted in equivalence
classes, under symmetry operations such as outcome/input swapping, in the same fashion as in
[13].
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S0 S0 S00 S01 S11
ξ3,1 -1 -1 6 -2 -2
ξ3,2 -1 -1 -2 -2 6
ξ3,3 -1 1 6 2 -2
ξ3,4 -1 1 -2 2 6
ξ3,5 1 -1 6 2 -2
ξ3,6 1 -1 -2 2 6
ξ3,7 1 1 6 -2 -2
ξ3,8 1 1 -2 -2 6
Table 5: List of the vertices of NS2,S3 . In the first column we also add the corresponding
populations.
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